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\l-4 . Abstract. If the Wholeness Axiom WAq is itself consistent, then it is consistent 

£f) [ with v=hod. A consequence of the proof is that the various Wholeness Axioms 

are not all equivalent. Additionally, the theory ZFC+WAo is finitely axiomatizable. 

The Wholeness Axioms, proposed by Paul Corazza, occupy a high place in the upper 
hJ | stratosphere of the large cardinal hierarchy. They are intended as weakenings of the 

famous inconsistent assertion that there is a nontrivial elementary embedding from 
the universe to itself, weakenings which, one hopes, are substantial enough to avoid 
inconsistency but slight enough for them to remain very strong. The Wholeness 
Axioms are formalized in the language {e, j}, augmenting the usual language of set 
q\ ' theory {e } with an additional unary function symbol j to represent the embedding. 



The base theory zfc is expressed only in the smaller language {e}. Corazza' s 



o, 

original proposal, which I will denote by WAo, asserts that j is a nontrivial amenable 

ON ■ elementary embedding from the universe to itself. Elementarily is expressed by the 

Q\ • 

scheme <p{x) <-► cp(}(x)), where ip runs through the formulas of the usual language of 
i-G ' 

set theory; nontriviality is expressed by the sentence Ebj(x) 7^ x; and amenability 

is simply the assertion that j \A is a set for every set A. One can easily see that 
k*" ■ amenability in this case is equivalent to the assertion that the Separation Axiom 

/\ holds for £0 formulae in the language {e,j}. Using this idea and hankering for a 

stronger assumption, Corazza finally settled on the version of the Wholeness Axiom 
that I will here denote by WAoo, which asserts in addition that the full Separation 
Axiom holds in the language { e , j } . 

As I hope my notation suggests, these two axioms are the important endpoints 
of a natural hierarchy of axioms WAo, WAi, WA2, . . . , WAqq, which I will refer to 
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collectively as the Wholeness Axioms. Specifically, the Wholeness Axiom WA n , 
where n is amongst 0, 1, . . . , oo, consists of the following: 

1. (Elementarity) All instances of ip(x) <-> </?(j(x)) for if in the language {e}. 

2. (Separation) All instances of the Separation Axiom for E n formulae in the full 
language {e,j}. 

3. (Nontriviality) The axiom 3x j(x) ^ x. 

Those familiar with the Kunen [Kun7l] inconsistency may fear to tread so near 
calamity! But the attentive reader will notice that what is missing from the Whole- 
ness Axiom schemes, and what figures prominantly in Kunen's proof, are the in- 
stances of the Replacement Axiom in the full language with j . And this difference 
is important. Kunen uses the Replacement Axiom in the full language in order to 
know that the critical sequence {k„ |neu}, defined as usual by kq = k = cp(j') 
and K n +i = j{i^n)i is a se t- But in the language without the symbol j, there is no 
way to define the critical sequence, and so under the Wholeness Axiom Kunen's 
argument cannot be carried out. 

There is occasionally the suggestion in the literature that we should take the 
Kunen [Kun7l] inconsistency only to rule out definable embeddings, that is, embed- 
dings j : V — ► V which as a class are definable from parameters by a formula, and 
that we should understand Kunen's theorem as a scheme, one theorem for each 
possible definition of j. But to do so weakens the force of Kunen's result. Quite 
aside from Kunen's argument, it is relatively easy to rule out definable embeddings 
from the universe to itself (and [Suzoo] makes this point plain). The argument is 
simply this: given a formula (p(x,y,z) purportedly defining a nontrivial embedding 
j : x h- >• y from V to V, possibly with parameters z, let k be least such that for some 
parameters a the formula <p(x, y, a) defines an elementary embedding from V to V 
with critical point k (this is seen to be first-order expressible using a Si truth pred- 
icate and the fact that any cofinal Ei-elementary embedding is fully elementary). 
Applying now the embedding j, we see that j(n) is also the least possible critical 
point of an elementary embedding of V defined by ip, and this is a contradiction 
since k < J(k). The point of this simple argument is that one doesn't need Kunen's 
argument to rule out definable embeddings; indeed, the argument shows that one 
does not even need the Axiom of Choice to do so. Rather, we should view the 
Kunen inconsistency as taking place in the language with the extra unary function 
symbol j, and see that what he has really proved is that the axioms of zfc in the 
language { e , j } are inconsistent with the theory asserting that j represents a non- 
trivial elementary embedding from V to V, as in 1 and 3 above. Taken this way, 



Kunen's result does not assume that the embedding is definable and leads naturally 
to the Wholeness Axioms as straightforward weakenings of an inconsistent theory. 
Since as I have said WAo already implies the amenability of the embedding, 
every model of one of the Wholeness Axioms has the form ( V, e ,j), where ( V, e ) 
is a model of zfc and j : V — ► V is a nontrivial amenable elementary embedding. 
Kunen's inconsistency proof is easily modified to show that under the Wholeness 
Axioms, the critical sequence { K n \ n e uj } is unbounded in the ordinals of V. And 
as Corazza has noted, the embedding j of course cannot be definable in V. Since 
j \ V K is the identity function, it follows that V K -< V Kl , and by iteratively applying 
j to this fact one easily concludes that 

V Ko -< V Kl ■< V K2 -< < V. 

So under the Wholeness Axioms the universe V is, externally, the union of this 
countable elementary chain of end-extensions. 

For an upper bound on the consistency strength of the Wholeness Axioms, one 
can easily show that if I3 holds, that is, if there is a nontrivial elementary embedding 
j : V\ — > V\, then ( V\, e , j ) is a model of the Wholeness Axiom WA^ (see [Corooa]). 
Conversely, for a lower bound it is easy to see that if k is the critical point of 
the embedding j arising in the Wholeness Axiom WAo, then k is supercompact, 
extendible, etc. And using the same kind of argument, Corazza [Corooa] has shown 
that such aft is super-n-huge for every natural number n. 

Let me now turn to the main focus of this paper, namely, the question of whether 
the Wholeness Axioms are consistent with V=HOD. Corazza [Coroob] has proved: 
Theorem. (Corazza) If there is an I\ embedding j : V\+i ~~ ► Kx+i? then the 
Wholeness Axiom WAoo is consistent with v=hod. Hence also the Wholeness Axiom 
WAo is consistent with V=HOD. 

Since the existence of an Ii embedding is strictly stronger than WAqq in consis- 
tency strength, one naturally hopes to improve the hypothesis of the theorem to a 
pure relative consistency result, and Corazza conjectures as much in [Coroob]. That 
is, for the optimal hypothesis, one would want to assume only the consistency of 
the Wholeness Axiom itself and make the same conclusion. And in the case of the 
Wholeness Axiom WAo, that is what I achieve in this paper: 

Main Theorem. If the Wholeness Axiom WAo is itself consistent, then it is con- 
sistent with V=HOD. 

Proof: Of course, I am speaking here about consistency over the base theory zfc. 
For simplicity, let me first obtain a model of the Wholeness Axiom waq in which the 



GCH holds. After this, I will show fully how to obtain v=hod. So suppose that V is 
a model of the Wholeness Axiom WAo, with embedding j : V — *■ V. Let me remark 
that this argument will not take place inside V; rather, I will freely make use of 
second-order manipulations of V and j in order to construct the desired model. As 
usual, let ( K n | n e uj) be the critical sequence of j, so that k = k$ = cp(j) and 
Kn+i = j(i^n)- I mentioned earlier that 



V Ko -<V Kl -<V K2 -< <V, 



and moreover V is the union of this elementary chain. Let P K be the usual reverse 
Easton re-iteration in V which forces the GCH up to k. Thus, at any stage 7 which 
is a cardinal in V[G 7 ], the forcing Q 7 adds a Cohen subset to 7 + , and we take direct 
limits at inaccessible stages and otherwise inverse limits. The stage 7 forcing, of 
course, ensures that 2 7 = 7+, and for any 7 < n we may factor the entire iteration 
as F K = P 7 * P 7)K , where P 7)K is <7-directed closed in V v '< . So P K will naturally 
force the GCH up to k. Rather than taking a formal direct limit at stage k using 
equivalence classes of threads, etc., let me more simply regard F K as a subset of V K 
by identifying each thread with it's initial point. By this device, names for elements 
of rank less than k themselves have rank less than k. Henceforth denoting k by kq, 
suppose now that G Ko c P KQ is F-generic, and consider the forcing j(P Ko ) = P Kl . 
We may factor this longer iteration as P Kl = P Ko * P KoAl , where P Ko ,ki ^ s -Re- 
directed closed in V[G Wo ]. Forcing to add a F[G Ko ]-generic G K0)Kl c P KoAl provides 
a F-generic filter G Kl = G KQ * G« oAl . And since j " G Ko = G Ko c G Kl we may 
lift the embedding to j : V[G Ko ] — >■ ^[G Kl ] with j(G Ko ) = G Kl . In particular, 
observe that V^JG^J -< V Kl [G Kl ]. Now consider the forcing j(¥ Rl ) = P Ko *P Ko , K2 = 
P Kl * Pk!,k 2 - ^ e a l rea dy have the generic filter G Kl for the first K\ many stages of 
forcing. Furthermore, the remaining forcing P Ki ,k 2 is <«i-directed closed in V[G Kl ]. 
Furthermore, j " G K(hKl is a directed subset of this poset in V[G Wl ] of size K\, so 
by the directed closure of P Kl , K2 in V[Gr Kl ] there is a (master) condition q below 
every element of j " G KOjKl . Force below this condition to add a generic G KljK2 . 
This provides a generic G n2 = G Kl * G KljK2 , and because of the master condition 
we know j " G Kl c G K2 . Continuing in this manner, we may obtain generic objects 
G nn for every natural number n with the properties that G Kn c P Kn is T/-generic 
and j " G K „ c G Kn+1 . 

This means that we may always lift the embedding to j : F[G K „] — ► ^[G Kri+1 ], 
with j(G Kn ) = G Kn+1 . (While this embedding is defined in ^[G Kn+1 ], the domain is 
only V[G rt „].) Since as I have mentioned earlier V Ko [G Ko ] -< V^JG^J, we may now 



iteratively apply j to conclude that V Kn [G Kn ] -< V Kn+1 [G Kn+1 ]. In summary, we have 
constructed an elementary chain of end extensions: 

V. [G R0 ]^V Kl [G Rl ]^V K2 [G R2 ]^... 

Now I will make the key step of the proof. Let 

V = U n eu,V Kn [G Kn ]. 

Since V is the union of this elementary chain, the theory of V is the same as the 
theory of each V Kn [G Kn ] . In particular, V is a model of zfc in which the GCH holds, 
since by construction G K ensures the GCH up to k in V K [G K ]. Also, we have already 
extended j to each j : V[G Kn ] — ► V r [G Kn+:L ], so we have a map defined j : V — ► V. 
Let me now argue that this map is elementary. If V \= (p(x), then by the elementary 
chain V K „[G K „] |= <p(x) for sufficiently large K n ; thus, by applying j we conclude 
that V Kn+1 [G Kn+1 ] \= <p(j(x)) and so by the elementary chain again we see that 
V \= ip(j(x)). Further, since j \ V[G Kn ] was defined in V[G Wn+1 ], it follows that 
j \ V Kn [G Kn ] e V and so the embedding is amenable. Thus, ( V, e ,j ) is a model of 
WAo and the GCH. 

Now I will explain fully how to obtain v=hod. Suppose that V is a model of 
the Wholeness Axiom WAo in which the GCH also holds, and that j : V — ► V is the 
witnessing embedding, with critical sequence as above. The idea is to force v=hod 
by coding every set into the continuum function. That is, we will make the GCH 
hold or fail at each K Q so as to code one bit of information. Let F K be the reverse 
Easton K-iteration which uses this technique to code every set of rank less than k 
into the continuum function below k (the same forcing is used with an Ii embedding 
in [Coroob]). Thus, at an inaccessible stage of forcing 7 < k, we select, using a fixed 
well-ordering of the names in V K , a set Acf coding a relation E on 7 such that 
{Vy[G y ],e ) = (7, E). Next, we code A and hence E and hence V^[Cr 7 ] into the 
continuum function above 7 by forcing the continuum hypothesis to hold or fail at 
^7+q+i depending on whether aeior not. For the next nontrivial stage of forcing, 
we wait until the next inaccessible cardinal, which is beyond all this coding, so that 
the various stages of coding do not interfere with each other. Since unboundedly 
often we make sets definable from the continuum function, this iteration will force 
v=hod in V^ . Also, the iteration has the same closure properties as the previous 
iteration by which we obtained the GCH. By the identical lifting arguments as I just 
gave in that case, therefore, we may again construct the model V = U neuJ V Kn [G Kn \ 
as the union of an elementary chain of end-extensions. The model V again has the 
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same theory as V K [G K ]. In particular, it is a model of zfc in which v=hod holds. 
And again the embedding lifts to j : V — > V in such a way so as to witness the 
Wholeness Axiom WAo- So the proof is complete. □Theorem 

The technique shows that if the Wholeness Axiom WAo holds, where the embed- 
ding has critical point k, and F K is a reverse Easton K-iteration with <7-directed 
closed forcing at every stage 7, then any fact true in V^ K is consistent with WAo- 
To see this, one simply constructs the generics G Kn c f Kn as above and lifts the 
Wholeness embedding to V = U n V Kn [G Kn ]. The lifted embedding witnesses WAo in 
V and the theory of V is the same as the theory of V^[G K ] because of the elementary 
chain. 

The question remains open whether the relative consistency results hold at 
each level, that is, whether the consistency of WAjj implies the consistency of WA n 
with v=hod for 1 < n < 00. Though my proof above does not appear to settle this 
question, I can extract from this failure the consequence that the various Wholeness 
Axioms are not all equivalent: 

Corollary. If consistent, the Wholeness axiom WAo is not logically equivalent to 
any other WA n . 

Proof: What I will show is that we can arrange that the model V in the proof of 
the Main Theorem satisfies WAo but not WAi. Since the other WA n all imply WAi, 
this will establish the corollary. 

The first step is to fix a real u c u> which is not in V. For example, perhaps u 
is generic over V. More deviously, perhaps u identifies indiscernibles for V or, in 
a truly naughty case, perhaps u collapses every cardinal of V to u>. The point is 
that while we will not add the naughty real u as an element to V, we will ensure 
that as a subset of u it satisfies a Ei definition there in the language {e , j}, thereby 
violating Ei-Separation. 

In the proof of the Main Theorem we must periodically force over V to construct 
the generics G KnjKn+1 below some master condition q. This is a kind of free step in 
the construction, and we will take advantage of this freedom to code one additional 
bit of the real u. Specifically, when we do this forcing there is some first nontrivial 
stage at which we add a Cohen set (recall that the iteration proceeds by periodically 
adding a lot of Cohen sets to cardinals in such a way so as to code information into 
the continuum function). When choosing the generic G KnAn+1 , let the first digit of 
the first such set we add be determined by the n th digit of the fixed naughty real u. 
Thus, at the first stage after supj " n n at which we add a Cohen set, the first bit of 



the generic set is the same as u n , the n th bit of u. Since except for this modification 
the construction is the same as before, the resulting model V will be a model of 
WAo, just as before. 

It remains to show that V is not a model of WAi. The first step is to realize 
that each of the forcing notions ¥ Kn is <cu-closed, and so the reals of V are the 
same as the reals of V. In particular, u is not in V . The second step is to observe 
that the digits of u may be simply read off from the generics G Kn . Namely, u n is 
precisely the first bit of the first Cohen set added after stage j " K n in G Kn+1 . So 
u n is Ao-definable in V from G Kn+1 and n n (using the function symbol j to express 
j " K n ). Further, each G Kn is Ei-definable in V from G Ko , since G Kn is the last 
element of the sequence ( Xi \ % < n ) for which Xq = G KQ and X^\ = j{Xj). Thus, 
u is a Ei-definable subset (or more properly sub-class) of a; in V, with the parameter 
G KQ . Since u is not in V, we conclude that WAi fails there, n^™""! 1 

Perhaps the construction of the Main Theorem could be modified in a different 
way, avoiding all such naughty reals u, so as to ensure WAi or more generally WA n in 
V, given WAjj in V. This would answer the question I asked earlier about whether 
the relative consistency result for v=hod could be proved at the other levels of the 
Wholeness Axiom hierarchy. 

Let me conclude this paper with the observation that the Wholeness Axiom 
scheme, at least in the case of WAo, is actually expressible in a single sentence. 

Theorem. The Wholeness Axiom WAo is finitely axiomatizable. Indeed, zfc + WAo 
is finitely axiomatizable. 

Proof: I will use the easily established fact that an elementary embedding is the 
same thing as a Ej cofinal embedding, that is, that any map j : V — > V that 
preserves Ei truth and has the property that for every a there is a b such that 
a c j (6) is fully elementary. This can be proved by a simple induction on formulas. 
Using now a Ei truth predicate, one expresses the full elementarity of j by the 
single assertion: "j is a Ei cofinal map from the universe to itself". After this, 
given the full elementarity of j, the elementary chain construction shows that V K 
has the same theory as V, and so asserting zfc in V is equivalent to asserting ZFC 
in V K , a set, and this is expressible by a single formula. Nontriviality is expressed 
by the formula 3x j(x) 7^ x. Finally, the amenability of j is simply the assertion 
that for every set a there is a set b which is equal to j \ a. Thus, WAo is finitely 
axiomatizable. □Theorem 
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The question remains open whether the other Wholeness Axioms are finitely 
axiomatizable. 
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